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26 SOLUTIONS OF PROBLEMS 

The equation of the line RS parallel to PQ and distant a from it is: 



y^^x + atWt + u 



Mm 



Substituting and simplifying, 



y ~ T72/3 _ „2/311/2"+" a l ~T i 



[J2J3 _ a 2/3]l/2 -T «* » -T [pj3 _ a 2/3]l/2 • 

The intersection of this line with the line y = a is at x = (P^ 3 — a 2 -/ 3 ) 3 ./ 2 -\-w{l l I z ja 1 l z ), 
which is the required width. 

Also solved by W. A. Flanagan and L. Sivian. 

357. Proposed by w. D. cairns, Oberlin College. 

A continuous variable represented by a point on a vertical line changes according to such a 
law that it is reduced to 1/m of its value on being moved a units upward, irrespective of the special 
position from which it is moved. Find the law of change, that is, the relation between the variable 
y and the height h of the variable point above a fixed point of the vertical line. 

Solution by Elijah Swift, University of Vermont. 

We are to solve the functional equation /(A + a) = (1/to)/(A). Taking loga- 
rithms of both sides we have the equation, log /(A + a) = log f(h) — log m. Let 
rKh) = log f(h) + (A/a) log to. Then log f(h + a) = f(h + a) - [(h + a/a] log to, 
and log f(h) = \p(h) — (h/a) log (to). The above logarithmic equation becomes 
\p(h + a) = ip{h), which is satisfied by any periodic function of period a. Then 
the function /(A) = 6 +t»H»wn«» = m -c*/«) . e *w or /(A) = mT^" • P(h) where 
P(h) is any periodic function of period a. 

Also solved by Joseph Nyberg, J. W. Clawson, and the Proposer. 

MECHANICS. 

289. Proposed by C. N. SCHMALL, New York City. 

A particle of elasticity e is projected with a velocity v at an angle of elevation <p from a point 

on a smooth horizontal plane. Show that after —rz -r seconds it will cease to rebound and 

ff(l - e) 
will move along the plane with a uniform velocity v cos tp. 

Solution by A. M. Harding, University of Arkansas. 

Let h = time from A to A\, t 2 = time from A\ to A 2 , etc. Equating the 
normal components before and after each impact we obtain 



Vi sin (px = ev sin <p, v 2 sin <pz = ev% sin <pi = e 2 v sin <p, 
v$ sin (pz = ev2 sin <pi = eh sin <p, etc. 



(1) 



(2) 
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Hence, t% = (2» sin <p)/g, t% = (2«i sin <pi)/# = (2e» sin p)/#, t s = (2« 2 sin ^2)/<7 
= (2e 2 v sin <p)/<7, etc. 

Equating tangential components before and after each impact we obtain 

01 COS <fl= V COS <p, 02 COS (p% = 01 COS £>1 = cos p, 

03 cos ^>3 = «2 cos <f2 = cos <p, etc. 
From (1) and (2) we have 

0! 2 sin 2<pi = ev 2 sin 2^>, 2 2 sin 2^> 2 = eV sin 2<p, etc. 
Hence Total Range = Rx + R 2 + R s + ■•• 

_ 2 sin 2(p 0i 2 sin 2^i 2 2 sin 2^> 2 . 

g g 9 

# sin 2<p v*sm2<p 

9 i 1 + e + e ' + J y(l-e)' 

Since the plane is smooth the particle will move with a uniform velocity cos <p 
after it ceases to rebound. 

Also solved by Elijah Swift, L. Sivian, Clifford N. Mills, Horace Olson, A. H. Wilson, 
and J. W. Clawson. 

NUMBER THEORY. 

195. Proposed by E. B. ESCOTT, Ann Arbor, Mich. 

Find triangles whose sides are integers and one of whose angles is 60°. 

II. Solution op the generalized problem by R. A. Johnson, Western Reserve 

University. 

It is evident that there is no solution, unless the cosine of the given angle is 
rational. If, however, this is the case, there are always solutions. Let us assume 
cos 6 = mfn where m and n are relatively prime integers, such that n > 0, 
I m I < n. 

Now if a, b, c be sides of a triangle in which 6 is the angle opposite a, we have 

(1) 6 2 -2-6c + c 2 = a 2 . 
Let 

(2) a = b--c 

where, as is always possible, p and q have no common factor. Moreover, it is 
obviously sufficient to consider only positive values of p and q; for a case in which 
they would have unlike signs may be reduced to this case by a change of notation, 



